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Abstract Today, the flow of gas–solid, solid–liquid and liquid–liquid mixtures is broadly used in many
industries such as slurry transportation, propulsion, dredging and power generation equipment. In this
paper, single solid particle motion through free and forced vortices is analytically studied. The equations
are solved for cases in which the drag, pressure gradient, added mass, buoyancy and weight forces
are considered individually and simultaneously. Verification has been done for the value of ReP , which
confirms the solution for the first t = 0.1 s. The results show that the most important force governing
particle motion is the pressure gradient force.
© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY license. 1. Introduction
The goal of separating two immiscible materials has been
of great concern over the last few years. Also the flow of
gas–solid and solid–liquid mixtures is so broadly used in many
industries such as slurry transportation, propulsion, dredging,
power generation equipment and the pneumatic transport of
food grains [1].
In order to track a single particle in a fluid flow by the
Lagrangian method, it must be demonstrated that all forces
acting on a particle are surely needed, and the relative amount
of each force must be considered.
Many researchers examined the motion of a sphere settling
down under the gravity effect. An analytical solution can be
derived only for a particle of Reynolds number less than 1
(ReP < 1) [2–4]. Also, the equation of motion for a single
particle in unsteady flow has been studied before [5].
Paths of small inertial particles in a steady Taylor vortex
background flow were studied before [6].
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of motion of rigid particles, bubbles, and droplets, which are
widely used in engineering practices [7]. Rotation of a small
sphere suspended in a fluid vortex has also been widely
studied [8]. Some research has been done on mass transport
using a vortex ring [9], and some others have given a study of
vortex simulation for interaction and collision between a vortex
ring and solid particles [10,11]. Some research has aslo been
done to explain the pressure field in turbulent vortex rings [12].
The trajectory of an isolated solid particle dropped in the
core of a vertical vortex has been investigated theoretically and
experimentally, in order to analyze the effect of the history force
on the radial migration of the inclusion [13].
In this paper forces acting on a single solid spherical particle
in both free and forced vortices are discussed.
The particle shape is considered to be spherical for
simplicity. Generally, a movable particle inside a viscous fluid
flow is exposed to six forces, which are:
• Added mass & Basset
• Drag
• Pressure gradient
• Buoyancy & Weight
• Lift
• Thermophoretic.
Now all forces are introduced.
evier B.V. Open access under CC BY license. 
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The drag force (FD) which act on a spherical particle inside
the flow far from the boundaries has been introduced by
Stokes [14].
FD = 34
ρF
ρP
mP
D
CD (uF − uP) |uF − uP | (1)
where, for Reynolds numbers less than one (ReP < 1), the drag
coefficient is CD = 24ReP . The quantities m, D, ρ and u are mass,
diameter, density and velocity respectively. Subscripts, P and F,
represent particle and fluid respectively.
1.2. Added mass/Basset force
Unsteady forces due to acceleration of a moving body
relative to fluid will cause the added mass effect and the
Basset force. In other words any increase or decrease in particle
velocity causes the fluid near it to accelerate either. This amount
of fluid is called added mass. The force, which appears due to
the lagging boundary layer developmentwith changing relative
velocity, is known as the Basset force [15]. The amount of these
forces acting on an accelerating spherical particle in a viscous
fluidwas obtained [16,17]. The addedmass force (FA) and Basset
force (FB) are as follows.
FB = 32D
2√πρFµF
 t
0
DuF
Dt ′ − ∂uP∂t ′√
t − t ′ dt
′,
FA = 0.5CAmF

DuF
Dt
− duP
dt
 (2)
where CA = 2.1 − 0.132Ac2+0.12 , AC =
|uF−uP |2
D
 d|uF−uP |dt  and µ is viscosity.
The parameters were introduced previously.
In order to determine Basset force, the integral needs to be
calculated in the time duringwhich the particle ismoving along
the path. As the calculation is time consuming, the Basset force
is usually neglected [18,19].
Fluid will gain kinetic energy at the expense of the work
done by the accelerating particle. This phenomenon will cause
added mass force. For a single spherical particle inside an
inviscid incompressible fluid, the added mass force is written
in Eq. (3).
FA = ρFπD
3
12

Dvrel
Dt

. (3)
The added mass force can be simplified for a rigid particle as
follows.
FA = ρFπD
3
12

∂vrel
∂t
+ uF ∂uF
∂x

. (4)
It was studied that the Basset force has only a weak effect
in the region of a vortex center and gradually becomes more
important near a separatrix. Its principal effect is to change the
magnitude of the drift of particles towards either a vortex center
or a separatrix [20].
1.3. Pressure gradient force
The force that is a result of pressure gradient along fluid flow
around particle is called the pressure gradient force (FP), which
is as follows:
FP = 16πD
3ρF

DuF
Dt

. (5)1.4. Buoyancy & weight force
The forceswhich are acted upon by gravity (g) and buoyancy
effect (FB) are as follows:
FB =

1
6
πD3

(ρF − ρP) g. (6)
1.5. Other forces
In this paper, for our analytical study the assumption of a
tiny particle is made, so the effects of slip-shear lift force and
slip-rotational lift force are neglected. Moreover it is assumed
that the system is under an isothermal condition, and therefore,
the effect of thermophoretic force is not considered. As a
consequence, the forces that are more effective in the studied
case, are as follows.
Drag, added mass, pressure gradient, buoyancy and weight.
2. Main text
In this section, using Newton’s law of motion along three
directions of cylindrical coordinates, the particle path is
obtained. For this goal, the forces which were introduced in the
previous section for ReP < 1 are used.
The problem is broken down into two distinct approaches:
• Considering each force individually, in which the problem is
a 2D problem.
• Considering all forces simultaneously, in which the problem
is a 3D problem.
In all parts, the initial conditions are as follows: rt=0 = R
r˙t=0 = 0
θt=0 = 0.
(7)
Steady state fluid flow velocity (−→uF ) for a general vortex in
cylindrical coordinates (eˆr , eˆθ , eˆz) is considered as follows:
−→uF = crα eˆθ + u0eˆz (8)
where eˆθ and eˆz are tangential and axial unit vectors in
cylindrical coordinates, respectively. α is +1 for forced vortex
and−1 for free vortex.
In order to study each force individually, tangential and
radial components of the equation of motion are coupled and
need to be solved simultaneously. But, buoyancy andweight are
considered an axial component of the equation of motion, and
can be solved separately. Therefore, to study the effect of each
force on particle motion, the problem is broken into 4 parts. In
each part, a single particle under the influence of only one force
in both free and forced vortices is studied. At last, the problem
is solved one more time and all these forces are considered
simultaneously.
Since drag, added mass and pressure gradient forces act on
the plane of relative velocity, resultant particle motion would
be in the mentioned plane.
During the solving process, equations of motion are simpli-
fied to a level atwhich the analytical solution canbe achieved. In
some cases, where no analytical solution is obtained, a numer-
ical second order Runge–Kutta approach is used by MATLAB.
2.1. Part 1: considering only drag force
The drag force which was introduced in Eq. (1) can be
rewritten for ReP < 1 as follows:
−→
FD = 3πDµ

uˆF − uˆP

. (9)
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−→uP = r˙ eˆr + r θ˙ eˆθ (10)
where eˆr is the radial unit vector in cylindrical coordinates.
And particle acceleration (−→aP ) is defined in Eq. (11).
−→aP =

r¨ − r θ˙2 eˆr + 2r˙ θ˙ + r θ¨ eˆθ . (11)
Substituting Eqs. (9) and (11) in Newton’s second law yields Eq.
(12).
3πDµ

crα − r θ˙ eˆθ − r˙ eˆr
=

1
6
ρPπD3
 
r¨ − r θ˙2 eˆr + 2r˙ θ˙ + r θ¨ eˆθ  . (12)
2.1.1. Forced vortex
In case of a forced vortex,α = +1, the tangential component
of equation of motion (Eq. (12)) is neglected. Also, the angular
velocity of the particle is assumed to be constant at fluid angular
velocity.
θ˙ = c. (13)
The radial component is used to solve particle motion.
r¨ − rc2 + Ar˙ = 0 (14)
where A = − 18µ
ρPD2
.
By using the initial conditions stated in Eq. (7), the solution
is as follows.r =
R
β2 − β1 (β2 exp (β1t)− β1 exp (β2t))
θ = ct
(15)
where:
β1,2 = −A±
√
A2 + 4c2
2
. (16)
2.1.2. Free vortex
In case of a free vortex,α = −1, the tangential component of
particle velocity is assumed to be constant at the fluid velocity.
˙rθ = c
r
. (17)
After differentiation, it yields Eq. (18).
θ¨ = −2cr˙
r3
. (18)
After substituting Eq. (18) in Eq. (12), the equation of tangential
component is an obvious solution. So, the radial component
yields Eq. (19).
r r¨ + Arr˙ − c2 = 0. (19)
There is no analytic solution for this equation, therefore, a
numerical method is used.
2.2. Part 2: considering only added mass force
The added mass force introduced in Eq. (3) can be rewritten
for cylindrical coordinates as follows.
−→
FA = ρFπD
3
12
−c2r2α−1 − r¨
+ r θ˙2 eˆr + −2r˙ θ˙ − r θ¨ eˆθ  . (20)Substituting Eq. (20) in Newton’s second law yields Eq. (21).
ρFπD3
12
−c2r2α−1 − r¨ + r θ˙2 eˆr + −2r˙ θ˙ − r θ¨ eˆθ 
=

1
6
ρPπD3
 
r¨ − r θ˙2 eˆr + 2r˙ θ˙ + r θ¨ eˆθ  . (21)
Eq. (21) can be broken up into tangential and radial components
separatelyr¨ − r θ˙2 =
−ρF
2ρP + ρF
c2r2α−1
2r˙ θ˙ + r θ¨ = 0.
(22)
The second equation in Eq. (22) can be easily solved by using
the initial conditions (Eq. (7)), which yields Eq. (23).
r2θ˙ = const = R2θ˙0. (23)
Substituting Eq. (23) into the first equation in Eq. (22) yields
Eq. (24).
r3 r¨ + ρF
2ρP + ρF
c2r2α+2 − R2θ˙02 = 0. (24)
2.2.1. Forced vortex
Eq. (24) for α = +1 can be rearranged into Eq. (25).
r¨ =

R2θ˙0
2 − ρF2ρP+ρF c2r4
r3
. (25)
Eq. (25) can be integrated by use of the initial conditions and
r¨ = r˙ dr˙dr . Also it is assumed that initial velocity of the particle is
the same as the fluid velocity, which means that cR= Rθ˙0.
r = R
ρP + ρF
ρF

− ρP
ρF
cos

4ρF
2ρP + ρF ct

. (26)
Then angular position is obtained by substituting Eq. (26) in
Eq. (23) and integrating.
θ = 2arctan

2ρP + ρF
ρF
tan

1
2

ρF
2ρP + ρF
ct

. (27)
2.2.2. Free vortex
Eq. (24) for α = −1 can be rearranged.
r¨ =

R2θ˙0
2 − ρF2ρP+ρF c2
r3
. (28)
Eq. (28) can be integrated by use of initial conditions and r¨ =
r˙ dr˙dr . Similarly, it is assumed that the initial angular velocity of
the particle is the same as the fluid velocity, so cR = Rθ˙0.
r = R

1+ 2ρP
2ρP + ρF

c2
R4

t2. (29)
Then, the angular position is obtained by substituting Eq. (26) in
Eq. (23) and integrating.
θ =
arctan

2ρP
2ρP+ρF

c
R2

t


2ρP
2ρP+ρF
. (30)
354 A. Salari et al. / Scientia Iranica, Transactions B: Mechanical Engineering 20 (2013) 351–3582.3. Part 3: considering only pressure gradient force
The pressure gradient force introduced in Eq. (5) can be
rewritten for cylindrical coordinates as follows.
FP = −16πD
3ρF c2r2α−1eˆr . (31)
Substituting Eq. (31) in Newton’s second law yields Eq. (32).
− 1
6
πD3ρF c2r2α−1eˆr
=

1
6
ρPπD3
 
r¨ − r θ˙2 eˆr + 2r˙ θ˙ + r θ¨ eˆθ  . (32)
Eq. (32) can be broken up into tangential and radial components
separatelyr¨ − r θ˙2 =
−ρF
ρP
c2r2α−1
2r˙ θ˙ + r θ¨ = 0.
(33)
The second equation in Eq. (33) can be easily solved by using
the initial conditions (Eq. (7)), which yields Eq. (34).
r2θ˙ = const = R2θ˙0. (34)
Substituting Eq. (34) into the first equation in Eq. (33) yields
Eq. (35).
r3 r¨ + ρF
ρP
c2r2α+2 − R2θ˙02 = 0. (35)
The general form of Eq. (35) is the same as Eq. (24), so only the
final solution is presented.
2.3.1. Forced vortex
r = R
ρP + ρF
2ρF

− ρP − ρF
2ρF
cos

4ρF
ρP
ct

(36)
θ = 2arctan

ρP
ρF
tan

1
2

ρF
ρP
ct

. (37)
2.3.2. Free vortex
r = R

1+ ρP − ρF
ρP

c2
R4

t2 (38)
θ =
arctan

ρP−ρF
ρP

c
R2

t


ρP−ρF
ρP
. (39)
2.4. Part 4: considering all forces simultaneously
By assuming the axial component of cylindrical coordinates
along with gravitational force, the effects of buoyancy and
weight forces on tangential and radial components are elimi-
nated. Therefore, in cases where all forces act on a particle, the
problem should be solved in a 2 dimensional plane. Then, tan-
gential and radial componentswill be solved independent of the
axial component.
2.4.1. Radial & tangential
The resultant forces in a radial direction are achieved from
Eq. (40). It should be noted that the buoyancy and weight
forces are not considered in radial and tangential componentsof forces, so we have Eq. (40).
Fr,θ = 3πDµ

crα − r θ˙ eˆθ + r˙ eˆr
+ ρFπD
3
12
−c2r2α−1 − r¨ + r θ˙2 eˆr + −2r˙ θ˙ − r θ¨ eˆθ 
− 1
6
πD3ρF c2r2α−1eˆr . (40)
Using Newton’s second law and Eq. (40), the equation ofmotion
is achieved.
r¨ − r θ˙2 = − 36µ
(ρF + 2ρP)D2 r˙ − 3c
2

ρF
ρF + 2ρP

r2α−1 (41)
2r˙ θ˙ + r θ¨ = 36µ
(ρF + 2ρP)D2

crα − r θ˙ . (42)
2.4.1.1. Forced vortex. In order to determine the analytical
solution of the equations, the particle velocity is assumed to be
the same as the fluid flow velocity around it.
r θ˙ = crα. (43)
By substituting α = +1 in Eqs. (41), (42) and solving the
equations with initial conditions stated in Eq. (7), the solution
is obtained.r =
R
β2 − β1 (β2 exp (β1t)− β1 exp (β2t))
θ = ct
(44)
β1,2 = − 18ρFuF
(ρF + 2ρP)D2
±

18ρFuF
(ρF + 2ρP)D2
2
+ 2

ρP − ρF
ρF + 2ρP

c2. (45)
2.4.1.2. Free vortex. In this case, particle velocity is assumed
to be the same as the fluid flow velocity around it, too. By
substituting α = −1, the equation of motion is simplified to
Eq. (46).
r¨ + 36µ
(ρF + 2ρP)D2 r˙ + 2c
2

ρF − ρP
ρF + 2ρP

r−3 = 0. (46)
Unfortunately, this equation cannot be analytically solved at all.
A numerical solution must be used instead.
2.4.2. Axial
For the axial direction of motion, buoyancy and weight
forces are included. Also, the solution is independent of the fluid
flow regime (forced or free vortex).
The axial component of the equation of motion is as follows:
Fa =

mP + 12mF

z¨ + 3πDµz˙
+

1
6
πD3

(ρP − ρF ) g. (47)
Initial conditions are as follows:
z = z0
z˙ = u0. (48)
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z = z0 −

u0 + (ρF − ρP)D
2g
18ρFuF

t
−

(ρF − ρP) (ρF + 2ρP)D4g
648

exp
 −36ρFuF
(ρF + 2ρP)D2 t

.
(49)
2.5. The ratio of radial forces
The portion of each force in the total radial force acting on
the particle is calculated as follows:
Drag ratio = FD
Ftotal
= −3πDµr˙−3πDµr˙ − 12mF

r¨ − r θ˙2− 32mF c2r2α−1 (50)
Added mass ratio = FA
Ftotal
= −
1
2mF

c2r2α−1 + r¨ − r θ˙2
−3πDµr˙ − 12mF

r¨ − r θ˙2− 32mF c2r2α−1 (51)
Pressure gradient ratio = FP
Ftotal
= −mF c
2r2α−1
−3πDµr˙ − 12mF

r¨ − r θ˙2− 32mF c2r2α−1 . (52)
2.5.1. Forced vortex
In this case Eqs. (50)–(52) can be simplified by using Eqs. (44)
and (45).
Drag ratio = 3πDµβ1β2 exp (β1t)− exp (β2t)
α1 exp (β1t)− α2 exp (β2t) (53)
A.M. ratio = 1
2
mFβ1β2
β1 exp (β1t)− β2 exp (β2t)
α1 exp (β1t)− α2 exp (β2t) (54)
P.G. ratio = mFω2 β2 exp (β1t)− β1 exp (β2t)
α1 exp (β1t)− α2 exp (β2t) (55)
where
α1 = 3πDµβ1β2 + 12mFβ1
2β2 +mFω2β2 (56)
α2 = 3πDµβ1β2 + 12mFβ2
2β1 +mFω2β1. (57)
The amount of β1,2 was determined in Eq. (45).
The portion of each force in the total radial force acting
on the particle in free vortex is calculated using numerical
methods.
3. Results
The results are shown for two cases, which are as follows.
ReF is Reynolds number for fluid flow.
Case 1 Case 2
ρF > ρP ρF < ρP
ReF = 66666.67 ReF = 53333.33Figure 1: Pressure gradient ratio as a function of time for free & forced vortices
(Case 1).
Figure 2: Added mass ratio as a function of time for free & forced vortices
(Case 1).
The main assumption, which was made at the beginning
of the paper, is that ReP < 1. Now in order to verify this
assumption, ReP changes are plotted for both free and forced
vortices, in two cases.
Figures 11–14 depict ReP variations by passing time. The ReP
value is smaller than the one for time up to 0.1 s. It means that
the assumed condition, ReP < 1, is true for the first 0.1 s after
the solution is started.
Figures 4 and 9 depict the forces as a function of the time for
forced vortex.
Figures 5 and 10 show the forces as a function of the time for
free vortex.
Figures 1 and 6 show the pressure gradient force as a
function of time.
It is obvious in Figure 1 that the pressure gradient ratio for
a forced vortex is independent from time 0.02 s after particle
release. In a free vortex, the pressure gradient has a decreasing
manner by time.
Figures 2 and 7 show the added mass force as a function of
time.
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Figure 4: All forces ratio as a function of time for forced vortex (Case 1).
Figure 5: All forces ratio as a function of time for free vortex (Case 1).Figure 6: Pressure gradient ratio as a function of time for free & forced vortices
(Case 2).
Figure 7: Added mass ratio as a function of time for free & forced vortices
(Case 2).
The added mass ratio shown in Figure 2 has a simultaneous
decreasing manner for both free and forced vortices.
Figures 3 and 8 show the drag force as a function of time.
Figure 3 shows how drag force rapidly gets a constant value
for a forced vortex, but has an increasing manner for a free
vortex.
As obvious in Figures 4 and 9, for a forced vortex, after the
initial period, two main forces, pressure gradient and drag are
governing particle motion. The pressure gradient is the main
remaining force, which contains 80% of total forces acting on a
particle. The added mass force vanishes after the initial period
and does not have any role to play in particle motion.
In a free vortex, the most influential force is the pressure
gradient which governs the system.
In a forced vortex, the time that is needed in order for the
forces to achieve constant values for a denser particle (Case 2)
is less than the time needed for a particle in Case 1. It is obvious
by comparing Figures 4 and 9.
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Figure 9: All forces ratio as a function of time for forced vortex (Case 2).
Figure 10: All forces ratio as a function of time for free vortex (Case 2).Figure 11: ReP changes as a function of time for forced vortex (Case 1).
Figure 12: ReP changes as a function of time for free vortex (Case 1).
Figure 13: ReP changes as a function of time for forced vortex (Case 2).
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A brief look at Figures 5 and 10 shows that in Case 2, more
time is needed in order for the forces to acheive the same values
as Case 1.
4. Conclusions
In this paper, single solid particle motion through free and
forced vortices is studied. Though the results are not limited
to particle material but only depend on particle density, the
equations are solved for two cases, in which fluid density is
greater and smaller than particle density. Verification has been
done for the ReP value, which confirms the solution for the first
t = 0.1 s.
The results show that the most important force governing
particle motion is the pressure gradient force.
The present work can be used in a wide area of engineering
fields like cyclones.
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